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Abstract. Using shadowing techniques we prove that the He´non map Ha,b(x, y) = (a −
x2 + by, x) admits a transversal homoclinic point for a set of parameters which is not small.
For the area and orientation preserving He´non map (corresponding to b = −1) we prove
that a transversal homoclinic point exists for a ≥ 0.265625. Applying a computer-assisted
version of our scheme we show that the result holds even for a ≥ −0.866. This supports an
old conjecture due to Devaney and Nitecki dating back to 1979, see [4], claiming that the
He´non map in the case b = −1 admits a transversal homoclinic point for a > −1.
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1. Introduction
One- and two-dimensional maps have played a remarkable role in the development
of dynamical system theory over the last decades. Being slightly simpler to handle
than systems of differential equations (at least in some respects), they exhibit
the richest dynamical behaviour and therefore are a treasure and an important
playground for experimentation for developing new ideas and concepts, to test
methods, etc. In this paper we consider quadratic maps P : R2 → R2
x = P1(x, y)
y = P2(x, y)(1)
with constant Jacobian determinant
det
∂(x, y)
∂(x, y)
= constant .(2)
Polynomial maps (1) satisfying (2) are called entire Cremona maps. The inverse
of (1) is also an entire Cremona map, see Engel [5,6]. The inverse of a quadratic
Cremona map is again quadratic. There are various normal forms for quadratic
Cremona maps in R2. One is He´non’s (see He´non [11])
x = 1 − ax2 + y
y = bx
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or, after scaling,
x = a − x2 + by
y = x .(3)
Note that the inverse of the He´non map with parameters a and b is conjugate to
the He´non map with parameters a/b2 and 1/b, respectively. Therefore, without
loss of generality, one may restrict oneself to parameters a, b satisfying |b| ≤ 1.
According to He´non, a < −(1 − b)2/4 implies that all orbits tend to infinity, and
therefore there is no interesting dynamics in bounded domains. If a > −(1−b)2/4,
then the map (3) admits two fixed points. One of them, the point (x1, x1) with
x1 = (b − 1 −
√
(b − 1)2 + 4a)/2, is hyperbolic for all a > −(1 − b)2/4. Let
λ1, λ2, with |λ1| ≤ 1 ≤ |λ2|, denote the eigenvalues of the Jacobian at (x1, x1). We
introduce new parameters p := λ1 and q := 1/λ2. Transforming the map (3) to
new variables u, v
x = x1 + u/q
y = x1 + v/q
and then writing again x, y instead of u, v the He´non map is in a form appropriate
for our purposes:
H : x =
1
q
[
(1 + pq)x − x2 − py]
y = x .(4)
For completeness we state the relation between the parameter pairs a, b and p, q.
Without loss of generality we may assume that |p| ≤ q < 1, q > 0. We have
a = p +
1
q
2
( p + 1q
2
− 1 − p
q
)
b = − p
q
and
q = 1
c + √c2 + b , c = (1 − b +
√
(1 − b)2 + 4a)/2
p = −bq .
The aim of this paper is twofold: First, we show that for a set of parameter values
p, q ∈ (−1, 1) (not small in size) the He´non map admits chaotic behaviour. More
precisely, we show that 0 admits a transversal homoclinic point for |p| ≤ q ≤ 1/10,
see Theorem 5. Second, we consider the area and orientation preserving He´non
map, i.e. p = q, which in terms of a, b means b = −1. We prove that in this case
there exists a transversal homoclinic point for p = q ∈ (0, 1/4], corresponding to
b = −1 and a ≥ 0.265625, see Theorem 9. Moreover, with computer assistance we
show the existence of transversal homoclinic points even for a ≥ −0.866360 . . . .
Based on previous work, see Stoffer and Palmer [17], Stoffer and Kirchgraber
[18], and Kirchgraber et al. [12], an improved scheme to establish chaotic be-
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haviour using shadowing techniques was developed and applied in Kirchgraber
and Stoffer [13]. While the application of this scheme to the restricted three-body
problem in [13] was heavily based on computer assistance, the goal of the present
paper is to show that the scheme is also very well suited to obtain analytical results.
To put the paper into perspective, we report on some known results. Since
the seminal paper of He´non [11] appeared, a large number of contributions have
been made to better understand the behaviour of this map. We just mention a few.
One of the deepest results is due to Benedicks and Carleson [1]. They show that
for a approximately equal to 2 and sufficiently small b (b = 0 corresponds to the
logistic map) the He´non map admits a strange attractor. By constructing a horseshoe
Devaney and Nitecki [4] show that for |b| ≤ 1, a > (5 + 2√5)(1 + |b|)2/4 the
nonwandering set of the He´non map is topologically equivalent to the shift map of
2 symbols. In Sterling et al. [16] a large number of bifurcation results are reported.
These authors also recover the main results of Devaney and Nitecki [4].
Several authors investigate the orientation and area preserving He´non map,
i.e. the case b = −1. Under this condition the He´non map is reversible. In [4]
Devaney and Nitecki conjecture that there exist transversal homoclinic points for
all a > −1. By investigating the curvature of the stable and unstable manifolds
Brown [2] proves that these manifolds indeed intersect transversally for a > 0.
The strongest result in this respect we are aware of is due to Fontich [7]. By the
graph transform method he proves that the stable and unstable manifolds intersect
transversally for a > −.3916. Tovbis et al. [19] and Gelfreich and Sauzin [9]
investigate exponentially small phenomena for −1 < a << 0.
Several authors investigate the case of the ‘classical parameters’ a = 1.4,
b = 0.3. As far as we know all these results have been obtained with computer-
assisted methods. Galias and Zgliczynski [8] prove the existence of several homo-
clinic and periodic orbits and rigorously estimate the topological entropy. Stoffer
and Palmer [17] use shadowing techniques to establish chaotic behaviour. Coomes
et al. [3] prove the existence of orbits homoclinic to a periodic orbit (in addition
they also investigate the area preserving case b = −1).
The organization of the paper is as follows. In Section 2 we recall the basic
shadowing result from [13], see also Pilyugin [15]. In the remarks following Theo-
rem 1, and more so in Section 3, we exploit the special structure of the He´non map
in its form (4) yielding three auxiliary results (Lemmas 2–4) which are applied in
Sections 4 and 5 to establish our main analytical results, see Theorems 5, 9. In
the remarks at the very end we also report on some additional results obtained by
rigorous numerics.
2. Shadowing
In this section we state a shadowing theorem proved in Stoffer and Kirchgraber
[13], see also Pilyugin [15]. We first describe the general setting and give the
necessary definitions. Let H : R2 → R2 be a map of class C1. A sequence
w = (wn)n∈Z ∈ ∞(Z,R2) is called a pseudo orbit of H with error d = (dn)n∈Z ∈
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∞(Z,R2) if wn+1 − H(wn) = dn holds for n ∈ Z. For n ∈ Z let Ωn be an
open and convex set containing wn . An R-shadowing orbit z of w is a sequence
z = (zn)n∈Z ∈ ∞(Z,R2) with zn ∈ Ωn , zn+1 = H(zn) and |zn − wn| ≤ R for
n ∈ Z.
We assume that the Jacobian DH does not vary too much in the set Ωn .
More precisely, we assume that there are (constant) 2 × 2-matrices An , with
supn∈Z |An| < ∞ and such that |DH − An| is small in the sense given below.
We introduce the linear operator L and for z ∈ Ω := ∏n∈ZΩn the linear operator
∆z in ∞(Z,R2) as follows:
L : (Lζ)n = ζn+1 − Anζn ;
∆z : (∆zζ)n =
(
DH(zn) − An
)
ζn .
With these definitions we are able to state the shadowing result used in the sequel.
Theorem 1 (Shadowing Theorem). Let H ∈ C1(R2,R2) and let δ0, δ1 be positive
constants. For n ∈ Z let Ωn ⊂ R2 be open and convex. Let w = (wn)n∈Z ∈
∞(Z,R2) with wn ∈ Ωn be a pseudo orbit of H with error d ∈ ∞(Z,R2). Let
the operators L and ∆z be defined as above. Assume that L is invertible and that
the following estimates are satisfied:
‖L−1d‖ ≤ δ0 ,(5)
‖L−1∆z‖ ≤ δ1 < 1 for all z ∈ Ω :=
∏
n∈Z
Ωn ,(6)
BR(wn) ⊂ Ωn for R = δ01 − δ1 , n ∈ Z .(7)
Then there is an R-shadowing orbit z∗ ∈ Ω of w. z∗ is the only orbit in Ω. Moreover,
z∗ is hyperbolic.
Remarks. 1. For our considerations the appropriate norm in R2 is the max-norm.
Note that Br(wn) denotes the closed ball defined by
Br(wn) = {z | |z − wn| ≤ r}
= {z = (x, y)T | |x − un | ≤ r, |y − vn | ≤ r} ,
where wn = (un, vn)T . In ∞(Z,Ri), i = 1, 2 the sup-norm is adopted as usual.
2. We shall apply Theorem 1 to the map H given in (4). Due to the special
structure of H , we shall consider pseudo orbits w = (wn)n∈Z, wn = (un, vn)T
with vn = un−1 for n ∈ Z. Defining u = (un)n∈Z ∈ ∞(Z,R), we then have
||w|| = sup
n
|wn| = sup
n
max{|un|, |vn |}
= max{sup
n
|un|, sup
n
|vn|} = sup
n
|un| = ||u|| .
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For the error d of the pseudo orbit w we get
dn = wn+1 − H(wn) =
(
un+1
vn+1
)
− H
(
un
vn
)
=
( 1
q
(
qun+1 − un(1 + pq − un) + pun−1
)
0
)
=: 1
q
(
rn
0
)
.
3. We shall set Ωn = Bρ(wn) = {z = (x, y)T | |x − un| < ρ, |y − vn | < ρ} for
some appropriate ρ > 0.
4. We set
An := DH(wn) = DH
(
(un, vn)
T ) =
(
bn/q −p/q
1 0
)
,
where bn := 1 + pq − 2un . Then the operator ∆z has a very simple form. Let
z = (zn)n∈Z ∈ ∞(Z,R2), zn = (xn, yn)T ∈ Bρ(wn) be given. Then
∆z : (∆zζ)n = Dnζn
with
Dn =
(− 2q (xn − un) 0
0 0
)
.
3. Estimates for ||L−1d|| and ||L−1∆z||
To estimate ||L−1d|| and ||L−1∆z||, respectively, we solve Lζ = d and Lζ = ∆zγ
with |γ | ≤ 1, respectively, for ζ and estimate ||ζ ||.
We first consider Lζ = d. According to Remarks 2 and 4 after Theorem 1 we
find (setting ζn = (ξn, ηn)T )
Lζ = d ⇔ ζn+1 − Anζn = dn, n ∈ Z
⇔ ξn+1 −
bn
q ξn + pq ηn = rnq
ηn+1 − ξn = 0 , n ∈ Z
⇔ −pξn−1 + bnξn − qξn+1 = −rn
ηn = ξn−1 , n ∈ Z .
We introduce the linear operator K : ξ ∈ ∞(Z,R) → Kξ ∈ ∞(Z,R) by setting
(Kξ)n := −pξn−1 + bnξn − qξn+1(8)
with bn = 1 + pq − 2un . One easily sees that K is invertible if and only if L is
invertible. Since ηn = ξn−1 we further find
||L−1d|| = ||ζ || = ||ξ|| = || − K−1r|| = ||K−1r|| ,
where r = (rn)n∈Z ∈ ∞(Z,R).
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We now treat the equation Lζ = ∆zγ with |γn| = |(αn, βn)T | ≤ 1. For the
right–hand side we get, according to Remark 4, (∆zγ)n = Dnγn =
(− 2q (xn − un)αn, 0)T =: ( enq , 0)T , with |en| ≤ 2ρ. Similarly as before we have
Lζ = ∆zγ ⇔ ζn+1 − Anζn = Dnγn, n ∈ Z
⇔ ξn+1 −
bn
q ξn + pq ηn = enq
ηn+1 − ξn = 0 , n ∈ Z
⇔ −pξn−1 + bnξn − qξn+1 = −en
ηn = ξn−1 , n ∈ Z .
Setting e = (en)n∈Z we obtain with the estimate |en| ≤ 2ρ
||L−1∆zγ || = ||ζ || = ||ξ|| = || − K−1e|| ≤ ||K−1|| ||e|| ≤ 2ρ ||K−1|| .
We summarize our results.
Lemma 2. Let w = (wn)n∈Z with wn = (un, un−1)T be a pseudo orbit of the
He´non map H given in (4). Then w has error d with dn = 1q (rn, 0)T , where
rn = pun−1 − un(1 + pq − un) + qun+1 .
The operator L is invertible if and only if K is invertible. Moreover, the following
estimates hold:
||L−1d|| = ||K−1r||
||L−1∆z|| ≤ 2 ρ ||K−1|| .
We now give a condition guaranteeing that Theorem 1 may be applied with an
appropriate choice of ρ.
Lemma 3. Let w = (wn)n∈Z with wn = (un, un−1)T be a pseudo orbit of the
He´non map H. Let r = (rn)n∈Z be given as in Lemma 2. If K is invertible and if
8 ||K−1r|| ||K−1|| < 1(9)
holds, then Conditions (5)–(7) of Theorem 1 are satisfied with δ0 = ||K−1r||,
δ1 = 1/2, and Ωn = Bρ(wn), with ρ = 1/(4 ||K−1||).
Proof. We have ||L−1d|| = ||K−1r|| = δ0 by Lemma 2, and hence Condition (5)
is satisfied. Lemma 2 implies ||L−1∆z|| ≤ 2 ||K−1|| ρ = 1/2 = δ1, verifying
Condition (6). We now have R = δ0/(1 − δ1) = 2 ||K−1r||. By assumption we get
R < 1/(4 ||K−1||) = ρ, verifying Condition (7). unionsq
To estimate ‖K−1‖, we use the following lemma.
Lemma 4. Assume that the pseudo orbit u = (un)n∈Z is homoclinic to 0 in the
following sense: there is N such that un = 0 if |n| ≥ N. Let K be defined by (8)
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with bn = 1 + pq − 2un. Assume that for i ∈ Z the equation
Kξ = t(i) ,
with t(i) = (t(i)n )n∈Z, t(i)n = δni (δni the Kronecker symbol), has a solution ξ(i) =(
ξ(i)n
)
n∈Z and assume
k := sup
n
∑
i∈Z
∣∣ξ(i)n
∣∣ < ∞ .
Then the operator K is invertible and ‖K−1‖ = k holds.
Proof. Let c = (cn)n∈Z ∈ ∞(Z,R) and assume ‖c‖ ≤ 1, i.e. |cn| ≤ 1, for all
n ∈ Z. Then, since k < ∞ by assumption, the sequence a = (an)n∈Z given by
an = ∑i∈Z ciξ(i)n is well defined and is an element of ∞(Z,R) and ‖a‖ ≤ k. It
is easy to verify that (Ka)n = cn and therefore Ka = c. This shows that if K is
invertible, then ‖K−1‖ ≤ k. Given ε > 0, there is n such that ∑i∈Z |ξ(i)n | ≥ k − ε.
Then for ci = sign(ξ(i)n ) we have an =
∑
i∈Z ciξ(i)n ≥ k − ε. Thus if K−1 exists,
then ‖K−1‖ = k. Because Kx = c, ‖c‖ ≤ 1 is solvable as shown above, it remains
to prove that K is injective in order for K−1 to exist. By suitably combining the
equations (Kξ)n = tn for n ≤ −N and n ≥ N, respectively, it is easy to see that
the system Kξ = t is equivalent to the following systems of equations:
ξn − qξn+1 = · · · + p2tn−2 + ptn−1 + tn, n ≤ −N ,(10)
−pξn−1 + bnξn − qξn+1 = tn, −N < n < N ,(11)
−pξn−1 + ξn = tn + qtn+1 + q2tn+2 + . . . , n ≥ N .(12)
The equations for −N ≤ n ≤ N build a system of 2N + 1 equations with 2N + 1
unknowns. We will refer to these equations as the ‘inner system’. The assumption
of the lemma implies that this system has a solution for every right–hand side. It
follows that the solution is unique. Equations (10) and (12) for n < −N and n > N,
respectively, determine the remaining ξn uniquely. Hence K is indeed injective. unionsq
4. A simple pseudo orbit
In this section we show that for 0 ≤ |p| ≤ q ≤ 1/10 the scheme derived in the
previous sections may be applied to the very simple pseudo orbit w = (wn)n∈Z,
wn = (un, un−1)T , with
un =
{1, n = 0
0, else .
The numbers bn and rn are easily found to be
bn =
{−1 + pq, n = 0
1 + pq, else , rn =
⎧
⎪⎪⎨
⎪⎪⎩
q, n = −1
−pq, n = 0
p, n = 1
0, else
.
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The goal is to verify Condition (9) of Lemma 3. For this simple pseudo orbit the
quantities ||K−1r|| and ||K−1|| will be computed explicitly.
(a) We first determine ||K−1|| using Lemma 4. Here we have N = 1. We have
to solve the systems Kξ = t for t = t(i), i ∈ Z. As seen in the proof of Lemma 4,
these systems are equivalent to (10)–(12). Adding the p-fold of (10) for n = −1
and the q-fold of (12) for n = 1 to (11) with n = 0 we get the following system of
equations:
ξ(i)n − qξ(i)n+1 = s(i)n , n ≤ −1 ,
−(1 + pq)ξ(i)0 = s(i)0 ,(13)
−pξ(i)n−1 + ξ(i)n = s(i)n , n ≥ 1 .
The right-hand sides s(i)n are given by
s(i)n =
⎧
⎨
⎩
pn−i, i ≤ n ≤ 0
qi−n, 0 ≤ n ≤ i
0, else .
It is not hard to verify that the solution of (13) is given by the following formulas.
For i ≥ 0 we have
ξ(i)n =
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
qi−n
−1
1 + pq , n ≤ 0 ≤ i
qi−n
1 + pq − 2(pq)n
1 − (pq)2 , 0 ≤ n ≤ i
pn−i
1 + pq − 2(pq)i
1 − (pq)2 , 0 ≤ i ≤ n
,
while for i ≤ 0 the following formulas hold:
ξ(i)n =
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
pn−i
−1
1 + pq , i ≤ 0 ≤ n
pn−i
1 + pq − 2(pq)|n|
1 − (pq)2 , i ≤ n ≤ 0
qi−n
1 + pq − 2(pq)|i|
1 − (pq)2 , n ≤ i ≤ 0
.
We determine ‖K−1‖ according to Lemma 4. First we consider the case 0 ≤ p ≤
q < 1. We find
∑
i∈Z
|ξ(i)n | =
1
(1 − p)(1 − q) −
Cn
(1 − p)(1 − q)(1 + pq)
with
Cn =
⎧
⎨
⎩
2pq, n = 0
2pnq, n > 0
2pq−n, n < 0
.
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For 0 ≤ p ≤ q < 1 we thus get ‖K−1‖ = 1
(1−p)(1−q) . We next consider the case
0 ≤ −p ≤ q < 1/2. For n = −1, 0, 1 one finds ∑i∈Z |ξ(i)n | = 1(1−|p|)(1−q) . For all
other n one finds
∑
i∈Z |ξ(i)n | = 1(1−|p|)(1−q) − Bn with Bn > 0. It follows that
||K−1|| = 1
(1 − |p|)(1 − q) .(14)
(b) To determine ||K−1r||, we solve Kξ = r for ξ and determine ||ξ||. The equation
Kξ = r is equivalent to the system (10)–(12) with tn replaced by rn . Again by
adding the p-fold of (10) for n = −1 and the q-fold of (12) for n = 1 to (11) with
n = 0 we get the following system of equations:
ξn − qξn+1 = q δ−1,n, n ≤ −1 ,
−(1 + pq)ξ0 = pq,
−pξn−1 + ξn = p δ1,n, n ≥ 1 .
It is easy to verify that the numbers
ξn =
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
pn
1 + pq , n > 0
−pq
1 + pq , n = 0
q−n
1 + pq , n < 0
solve this system of equations. This leads to
||K−1r|| = ||ξ|| = sup
n
{|ξn|} = q1 + pq .(15)
We conclude:
Theorem 5. The He´non map H, cf. (4), admits a transversal homoclinic point for
all parameters p, q with 0 < |p| ≤ q ≤ 1/10. In terms of the classical parameters
a, b this means: |b| ∈ (0, 1] and a ≥ 20 + 9120 b − 19400 b2.
Proof. According to Lemma 3 we have to verify that Condition (9) is satisfied.
Equations (14) and (15) imply that
Left-hand side = 8 q
1 + pq
1
(1 − |p|)(1 − q) ≤ 8
1
10
100
99
10
9
10
9
= 8000
8019
< 1 .
It follows that Theorem 1 may be applied. From the uniqueness of the shadowing
orbits it follows that the projection Π : w → z∗0 is continuous. Applying the
shift map σ to the pseudo orbit we get Π(σnw) = z∗n . Since limn→±∞ σnw =
0 = (0)n∈Z, one finds by taking the limit n → ±∞ that limn→±∞ z∗n = 0. This
means that the shadowing orbit z is homoclinic to the hyperbolic fixed point 0.
By Theorem 1 it is also hyperbolic. According to Palmer [14], hyperbolicity is
equivalent to transversality. unionsq
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5. The area preserving He´non map: improved results
In this section we prove that the area and orientation preserving He´non map H
admits a transversal homoclinic point for p = q ≤ 1/4, which, in terms of the
classical parameters, corresponds to b = −1 and a ≥ 0.265625.
The reasoning closely follows the lines of the previous section. We therefore
only present the key computations.
We choose the following pseudo orbit w = (wn)n∈Z with wn = (un, un−1)T
and
n ≤ −4 −3 −2 −1 0 1 2 ≥ 3
un 0 p2 p 1 − p 1 − p p p2 0 .
A brief computation yields
bn =
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−(1 − 2p − p2), n = 0
1 − 2p + p2, n = 1
1 − p2, n = 2
1 + p2, n ≥ 3
b−n−1, n < 0
, rn =
{
p3, n = −4,−1, 0, 3
0, else .(16)
This implies that the pseudo orbit w has error d of order p2.
The goal is to estimate ||K−1|| and ||K−1r|| and to eventually verify that
Condition (9) of Lemma 3 is satisfied for p ≤ 1/4. We begin with ||K−1||.
5.1. An estimate for ||K−1||
Let us reflect on the strategy for a moment. To find an estimate for ||K−1||, we
have to estimate
sup
n
∑
i∈Z
∣∣ξ(i)n
∣∣
according to Lemma 4. Therefore we need estimates for ξ(i)n . First we will show
how one might compute the ξ(i)n in principle. The result is the infinite system of
linear equations (17) and (21). Then, in order to obtain the desired estimates for
ξ(i)n , we derive two lemmas. In Lemma 6 we give bounds for the constants c0, c1,
c2 which appear in the diagonal of (21), while in Lemma 7 we estimate s(i)n , i.e.
the right-hand sides of (17) and (21). Lemma 8 finally is the key step to estimate
||K−1||. Equation (24) is the result.
Following Lemma 4 we consider the systems
Kξ(i) = t(i) , where t(i) = (t(i)n
)
n∈Z with t
(i)
n =
{
1, if n = i
0, else
i ∈ Z
and estimate ||K−1|| according to Lemma 4. In analogy to (10) and (12) we have
ξ(i)n − pξ(i)n+1 = t(i)n + pt(i)n−1 + p2t(i)n−2 + . . . =: s(i)n , n ≤ −4
−pξ(i)n−1 + ξ(i)n = t(i)n + pt(i)n+1 + p2t(i)n+2 + . . . =: s(i)n , n ≥ 3 .
(17)
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The following inner system is obtained from (17) and (11):
ξ
(i)
−4 ξ
(i)
−3 ξ
(i)
−2 ξ
(i)
−1 ξ
(i)
0 ξ
(i)
1 ξ
(i)
2 ξ
(i)
3
1 −p s(i)−4
−p b2 −p t(i)−3
−p b1 −p t(i)−2
−p b0 −p t(i)−1
−p b0 −p t(i)0
−p b1 −p t(i)1
−p b2 −p t(i)2
−p 1 s(i)3
To simplify the inner system, we perform symmetric Gauss elimination. We add
the p–fold of the first equation to the second one and the p–fold of the eighth
equation to the seventh one, respectively, and define
c2 := b2 − p2, s(i)−3 := t(i)−3 + ps(i)−4, s(i)2 := t(i)2 + ps(i)3 .(18)
Then we add the p/c2–fold of the second equation to the third one and the p/c2–fold
of the seventh equation to the sixth one, respectively, and define
c1 := b1 − p
2
c2
, s
(i)
−2 := t(i)−2 +
p
c2
s
(i)
−3, s
(i)
1 := t(i)1 +
p
c2
s
(i)
2 .(19)
Finally we add the p/c1–fold of the third equation to the fourth one and the
p/c1–fold of the sixth equation to the fifth one, respectively, and define
c0 := b0 − p
2
c1
, s
(i)
−1 := t(i)−1 +
p
c1
s
(i)
−2, s
(i)
0 := t(i)0 +
p
c1
s
(i)
1 .(20)
Eventually we obtain the following linear system:
ξ
(i)
−4 ξ
(i)
−3 ξ
(i)
−2 ξ
(i)
−1 ξ
(i)
0 ξ
(i)
1 ξ
(i)
2 ξ
(i)
3
1 −p s(i)−4
c2 −p s(i)−3
c1 −p s(i)−2
c0 −p s(i)−1
−p c0 s(i)0
−p c1 s(i)1
−p c2 s(i)2
−p 1 s(i)3
(21)
Before exploiting the system (17), (21) further, we derive estimates for the numbers
ci and the right-hand sides s(i)n .
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Lemma 6. For p ∈ [0, 1/4] the following estimates hold:
(i)
7
8
≤ c2 = 1 − 2p2 ,
(ii)
55
112
≤ c1 ≤ 1 − 137 p −
5
7
p2 ,
(iii)
497
880
≤ −c0 ≤ 1 .
Proof. (i) By definition c2 = 1 − 2p2 holds and hence c2 is monotonically de-
creasing with respect to p. Claim (i) follows.
(ii) Using (i) we get c1 = (1 − p)2 − p2/c2 ≥ 916 − 116 87 = 55112 .
To establish the upper bound we have to verify that
1 − 2p + p2 − p
2
1 − 2p2 ≤ 1 −
13
7
p − 5
7
p2 .
We subtract 1 − 2p + p2 and then multiply by 1 − 2p2. We get the equivalent
inequality
−p2 ≤
(
1
7
p − 12
7
p2
)
(1 − 2p2) .
We multiply by 7/p, add 7p, and get the equivalent inequality
0 ≤ 1 − 5p − 2p2 + 24p3 = (1 − 4p)(1 − p − 6p2) ,
which is obviously satisfied for p ∈ [0, 1/4].
(iii) We first show
1 − 2p + p
2
c1
≥ 69
110
.(22)
This inequality is equivalent to
(
41
110
− 2p
)
c1 + p2 ≥ 0 .
This inequality certainly holds if 41110 − 2p ≥ 0. If not, it is – in view of (ii) –
sufficient to show that
(
41
110
− 2p
)(
1 − 13
7
p − 5
7
p2
)
+ p2 ≥ 0 .
We multiply the last inequality by 770 and successively find the following equiva-
lent inequalities
(41 − 220p)(7 − 13p − 5p2) + 770p2 ≥ 0 ,
287 − 2073p + 3425p2 + 1100p3 ≥ 0 ,
(1 − 4p)(287 − 925p − 275p2) ≥ 0 .
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Since the last inequality is obviously satisfied, (22) indeed holds. By definition of
c0 we have
−c0 = 1 − 2p − p2 + p
2
c1
≥ min
{
1 − 2p + p
2
c1
}
+ min{−p2}
≥ 69
110
− 1
16
= 497
880
.
Using (ii) we find the upper estimate for −c0
−c0 ≤ 1 − 2p − p2 + 11255 p
2 ≤ 1 − 2p(1 − p) ≤ 1 . unionsq
We now estimate the right-hand sides of the system (17), (21).
Lemma 7. For p ∈ [0, 1/4] the estimates 0 ≤ s(i)n ≤ sˆ(i)n hold i, n ∈ Z with
sˆ(i)n i < 0 i = 0 i = 1 i ≥ 2
n = 0 0 1 2855 2855 · 27 ·
( 1
4
)i−2
n = 1 0 0 1 27 ·
( 1
4
)i−2
n = 2 0 0 0 ( 14
)i−2
For n ≥ 3
sˆ(i)n =
{( 1
4
)i−n
, i ≥ n
0, i < n
.
Moreover, the symmetry relations
s
(−i)
−n = s(i−1)n−1 , sˆ(−i)−n = sˆ(i−1)n−1 , ξ(−i)−n = ξ(i−1)n−1(23)
hold for all i, n ∈ Z.
Proof. The statement for n ≥ 3 follows from (17).
The statement for n = 2 follows from the definition in (18).
The statement for n = 1 follows from the definition in (19) and estimate (i) in
Lemma 6.
The statement for n = 0 follows from definition in (20) and estimate (ii) in
Lemma 6.
The symmetry relations follow from (17)–(20), from t(−i)−n = t(i−1)n−1 , and from
the symmetry of system (21). unionsq
In view of Lemma 4 we eventually estimate
∑
i∈Z |ξ(i)n | for n ∈ Z.
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Lemma 8. For p ∈ [0, 1/4] the following estimates hold:
(i)
∑
i∈Z
∣∣ξ(i)0
∣∣ ≤ K0 := 4496831 = 5.41 . . . .
(ii)
∑
i∈Z
∣∣ξ(i)1
∣∣ ≤ K1 := 285 = 5.6 .
(iii)
∑
i∈Z
∣∣ξ(i)2
∣∣ ≤ K2 := 328105 < K1 .
(iv)
∑
i∈Z
∣∣ξ(i)n
∣∣ ≤ Kn := Kn−14 +
4
3
< Kn−1 for n ≥ 3 .
(v)
∑
i∈Z
∣∣ξ(i)−n
∣∣ ≤ Kn−1 for n > 0 .
Proof. (i) Since 0 ≤ p < −c0 (as follows from Lemma 6), we find from the
two central equations of (21) that ξ(i)0 ≤ 0, ξ(i)−1 ≥ 0 for i ≥ 0 (as follows from
s
(i)
−1 = s(−i−1)0 = 0 and s(i)0 ≥ 0 for i ≥ 0). We conclude by taking advantage
of (23):
∣∣ξ(i)0
∣∣ + ∣∣ξ(−i−1)0
∣∣ = ∣∣ξ(i)0
∣∣ + ∣∣ξ(i)−1
∣∣ = ξ(i)−1 − ξ(i)0 .
Taking the difference of the two central equations of (21) we get (−c0 − p)(ξ(i)−1 −
ξ
(i)
0 ) = s(i)0 and therefore
∣∣ξ(i)0
∣∣ + ∣∣ξ(−i−1)0
∣∣ = s
(i)
0
|c0| − p .
Taking the sum for i ≥ 0 leads to
∑
i∈Z
∣∣ξ(i)0
∣∣ = 1|c0| − p
∑
i≥0
s
(i)
0 .
Lemmas 6 and 7 yield
|c0| − p ≥ 497880 −
1
4
= 277
880
and
∑
i≥0
s
(i)
0 ≤
∑
i≥0
sˆ
(i)
0 = 1 +
28
55
(
1 + 2
7
(
1 + 1
4
+
(
1
4
)2
+ . . .
))
= 281
165
.
Combining the above formulas we eventually find
∑
i∈Z
∣∣ξ(i)0
∣∣ ≤ 880
277
281
165
= 4496
831
.
(ii) From (21) we get
∣∣ξ(i)1
∣∣ ≤
∣∣∣∣
1
c1
(s
(i)
1 + pξ(i)0 )
∣∣∣∣ ≤
1
c1
(
sˆ
(i)
1 +
1
4
∣∣ξ(i)0
∣∣
)
.
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Taking the sum for i ∈ Z gives with ∑i∈Z sˆ(i)1 =
∑
i≥0 sˆ
(i)
1 = 1 + 27 (1 + 14 +
( 1
4
)2
+ . . . ) = 2921
∑
i∈Z
∣∣ξ(i)1
∣∣ ≤ 1
c1
(∑
i∈Z
sˆ
(i)
1 +
K0
4
)
≤ 112
55
(
29
21
+ 1124
831
)
= 254416
45705
= 5.566 · · · < 28
5
.
(iii) As in (ii) we find
∑
i∈Z
∣∣ξ(i)2
∣∣ ≤ 1
c2
(
K1
4
+
∑
i≥0
sˆ
(i)
2
)
.
Since
∑
i≥0 sˆ(i)n = 1/(1 − p) ≤ 4/3, for n ≥ 2 we get
∑
i∈Z
∣∣ξ(i)2
∣∣ ≤ 8
7
(
7
5
+ 4
3
)
= 328
105
.
(iv) Similarly as in (iii) we find for n ≥ 3
∑
i∈Z
∣∣ξ(i)n
∣∣ ≤ Kn−1
4
+
∑
i≥0
sˆ(i)n =
Kn−1
4
+ 4
3
.
Since K2 > 169 , the sequence (Kn)n≥2 is geometrically decreasing towards the limit
16/9.
(v) The claim follows from (23). unionsq
As a consequence of Lemmas 4 and 8 we get the following estimate for ||K−1||:
||K−1|| ≤ sup
n
∑
i∈Z
∣∣ξ(i)n
∣∣ ≤ 28
5
for p ∈ [0, 1/4] .(24)
Remark. A more careful estimate in assertion (ii) of Lemma 8 reveals that in fact∑
i∈Z |ξ(i)1 | ≤
∑
i∈Z |ξ(i)0 | holds and that therefore ||K−1|| ≤ K0 for p ∈ [0, 1/4].
We do not need this sharper estimate, however.
5.2. An estimate for ||K−1r||
We now estimate ||K−1r||, i.e. we solve Kξ = r with r = p3(t(−4) + t(−1) + t(0)
+ t(3)), see (16), and estimate ||ξ||. The system corresponding to (21) now reads
ξ−4 ξ−3 ξ−2 ξ−1 ξ0 ξ1 ξ2 ξ3
1 −p s−4
c2 −p s−3
c1 −p s−2
c0 −p s−1
−p c0 s0
−p c1 s1
−p c2 s2
−p 1 s3
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with sn = p3(s(−4)n + s(−1)n + s(0)n + s(3)n ) and hence s−n = sn−1. The symmetry of
the system implies ξ−n = ξn−1 (take the difference of the two central equations).
Taking the sum of the two central equations we find
(c0 − p)(ξ−1 + ξ0) = 2(c0 − p)ξ0 = 2p3
(
s
(0)
0 + s(3)0
) = 2s0
and therefore
−ξ0 = |ξ0| = s0|c0| + p =
p
|c0| + p p
2(s(0)0 + s(3)0
)
.
Note that p/(|c0| + p) and p2 are monotonically increasing with respect to p and
so is their product. Thus we find
|ξ0| ≤ 220717
1
16
57
55
= 19
956
= 0.01987 . . . .
Moreover, we have
|ξ1| = 1
c1
|s1 + pξ0| ≤ 11255
(
1
14
1
64 +
1
4
19
956
)
<
7
55
(
1
56 +
1
12
)
<
1
64
= 0.015 . . . ,
|ξ2| = 1
c2
|s2 + pξ1| ≤ 87
(
1
4
1
64
+ 1
4
1
64
)
= 1
112
,
|ξ3| = |s3 + pξ2| ≤ 164 +
1
4
1
112
= 1
56
= 0.017 . . . ,
|ξn+1| = p|ξn|, n ≥ 3 .
We therefore conclude
||K−1r|| = sup
n
|ξn| ≤ 19956 for p ∈ [0, 1/4] .(25)
5.3. Application of Theorem 1
We now easily get the following result.
Theorem 9. The area and orientation preserving He´non map H, cf. (4), admits
a transversal homoclinic point for all parameters p, q with p = q ∈ (0, 1/4]. In
terms of the classical parameters a, b, this corresponds to b = −1 and a ≥ 1764 =
0.265625.
Proof. According to Lemma 3 we have to verify that Condition (9) is satisfied.
Equations (24) and (25) imply that
Left–hand side ≤ 8 19
956
28
5
= 1064
1195
< 1 .
It follows that Theorem 1 applies. As in the proof of Theorem 5 we conclude that
the shadowing orbit is homoclinic to 0 and transversal. unionsq
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Remarks. 1. Theorem 9 considerably generalizes one of the results of Coomes
et al. [3]. With computer assistance they prove the existence of a transversal
homoclinic point for b = −1 and a = 1.
2. Computer experiments indicate that for the pseudo orbit chosen above Condi-
tion (9) is in fact satisfied for p = q < p0 = 0.256637471 . . . . This corresponds
to b = −1 and a > a0 = 0.159050966 . . . .
3. Using the graph transforms method Fontich [7] has shown that the stable and
unstable manifolds of the fixed point 0 intersect transversally for a ≥ −0.3916.
4. The tools developed in this paper lend themselves to a computer–assisted
aproach. A simple version is as follows. For a particular value of the parameter
p = q = p0 a homoclinic pseudo orbit is computed numerically. To verify (9)
one first computes an estimate for ‖K−1r‖ for parameters p = q in a small
neighbourhood of p0 using interval arithmetic. Then ‖K−1‖ is estimated simi-
larly. In the next step, p0 is slightly enlarged and the procedure is repeated such
that eventually a ‘large’ interval is covered.
This way we were able to establish the existence of a transversal homoclinic
point for b = −1, a ≥ −0.866360 . . . . Note that this result supports the
conjecture of Devaney and Nitecki [4] mentioned in the introduction. The
details of a much more elaborate version are in preparation.
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